The depth, the delooping level and the finitistic dimension by Gélinas, Vincent
ar
X
iv
:2
00
4.
04
82
8v
1 
 [m
ath
.R
T]
  9
 A
pr
 20
20
THE DEPTH, THE DELOOPING LEVEL
AND THE FINITISTIC DIMENSION
VINCENT GE´LINAS
Abstract. We investigate two invariants of Noetherian semiperfect rings,
namely the depth and a new invariant we call the “delooping level”. These
give lower and upper bounds for the finitistic dimension, respectively. As first
theorems, we give a necessary and sufficient criterion for the delooping level
to be finite in terms of the splitting of the unit map of a related adjunction,
and use this to give a sufficient torsionfreeness criterion for finiteness. We
further relate these invariants to the Auslander–Bridger grade conditions for
modules, which are vanishing conditions on double Ext duals. As main the-
orem, we prove that these bounds agree whenever the first non-trivial grade
conditions are satisfied for simple modules, so that either invariant computes
the finitistic dimension in this case. Over Artinian rings, we show that the
delooping level also bounds the big finitistic dimension, and we obtain a suf-
ficient cohomological criterion for the first finitistic dimension conjecture to
hold. Over commutative local Noetherian rings, these conditions always hold
and we obtain a new characterisation of the depth as the delooping level of
the ring.
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Introduction
The finitistic dimension is a central invariant in the homological theory of both
noncommutative Artin algebras and commutative local Noetherian rings. However,
our knowledge of this invariant varies drastically between the two settings.
Over Artin algebras Λ, finiteness of the finitistic dimension implies many long
standing homological conjectures (generalised Nakayama conjecture, Auslander–
Reiten conjecture, Auslander–Gorenstein conjecture, Gorenstein symmetry conjec-
ture, Wakamatsu tilting conjecture). The finiteness of the finitistic dimension itself
remains an open problem and is known as the second finitistic dimension conjec-
ture. One also distinguishes the finitistic dimension findim Λ, or little finitistic
dimension, from the big finitistic dimension FindimΛ: the former is the supremum
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of projective dimensions taken over finitely presented modules of finite projective
dimension, while the latter is taken over all modules of finite projective dimen-
sion. The first finitistic dimension conjecture for Artin algebras then states that
findimΛ = FindimΛ.
Over commutative local Noetherian rings R = (R,m, k) the finitistic dimensions
are well-understood in terms of basic invariants: the Auslander–Buchsbaum for-
mula shows the little finitistic dimension equals the depth of the ring, and the big
finitistic dimension is equal to the Krull dimension by work of Bass [Bas62] and
Gruson–Raynaud [GR71]. Both dimensions are then finite and bounded above by
dimk m/m
2, and the analog of the first finitistic dimension conjecture holds if and
only if the ring is Cohen-Macaulay; in particular it holds in the Artinian case.
By contrast, Huisgen-Zimmermann showed that the first finitistic dimension con-
jecture admits counterexamples over noncommutative Artin algebras [HZ92]. Ad-
ditionally, while the natural extension of the depth to Artin algebras Λ satisfies
the inequality depth Λ ≤ findim Λop due to Jans [Jan61], equality fails to hold in
general, and the difference between the two values can be arbitrarily large. Trying
to understand this break in behavior was the motivation for this article.
In this paper, we make the observation that the equality depthR = findimR over
commutative local Noetherian rings actually conflates together two invariants: the
depth of R, and an invariant we call the delooping level of R and denote dell R.
Both invariants make sense over general Noetherian semiperfect rings Λ, and satisfy
inequalities
depth Λ ≤ findimΛop ≤ dell Λ.
When Λ is Artinian, these are strenghtened to
depthΛ ≤ findimΛop ≤ FindimΛop ≤ dell Λ.
The commutative case is then one particular situation when equalities occur:
Theorem (Thm. 3.1). Let R be a commutative local Noetherian ring. We have
equalities
depthR = findimR = dellR.
In the general case, equality is controlled by certain double Ext modules. Letting
S ∈ modΛ be a simple module, define the index
jS := inf{i ≥ 0 | Ext
i(S,Λ) 6= 0} ∈ Z ∪ {∞}
and consider the Ext-vanishing conditions
Extj(ExtjS (S,Λ),Λ) = 0 for j < jS . (∗)
We take these to hold vacuously when jS = ∞. Conditions of this type were first
considered by Bass [Bas63] and Auslander–Bridger [AB69]. The conditions (∗) are
easily seen to hold for simple modules over commutative Noetherian rings, and the
above theorem is then a special case of our main theorem:
Theorem (Thm. 2.12). Let Λ be a Noetherian semiperfect ring, and assume simple
modules satisfy conditions (∗). Then we have equalities
depth Λ = findim Λop = dell Λ.
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If Λ is furthermore Artinian, then the stronger equalities hold:
depth Λ = findim Λop = Findim Λop = dell Λ.
In the case that Λ = R is local commutative, this theorem gives a new proof of the
equality depth R = findimR, independent of the Auslander–Buchsbaum formula.
The full result then extends such Auslander–Buchsbaum type equalities to the
general setting. In the noncommutative Artinian case, the equality findim Λop =
FindimΛop also provides a positive case of the first finitistic dimension conjecture.
Corollary (Cor. 2.13). Let Λ be an Artinian ring such that the simple modules
satisfy condition (∗). Then the first finitistic dimension conjecture holds for Λop.
The double Ext modules Extj(ExtjS (S,Λ),Λ) for j < jS can then be interpreted
as obstructions to the validity of Auslander–Buchsbaum type equalities and to the
validity of the first finitistic dimension conjecture.
The delooping level of a ring. We now rapidly describe the new invariant dellΛ,
and refer the reader to Section 1 for a complete discussion. We let Λ denote a
Noetherian semiperfect ring below.
A common approach to studying the finitistic dimension is through the structure
of syzygy modules, see for instance [HZ95] for a detailed discussion. When one
can realise a module M ≃ ΩN as a syzygy module, following the standard analogy
with the based loop space functor of algebraic topology we then say that M can be
delooped. Our approach to the finitistic dimension can be summarised as looking
for “higher level” deloopings of simple modules.
The simplest question we can consider is whether a simple module S can be de-
looped; this occurs precisely when S →֒ ΛΛ occurs in the socle of Λ. By a classical
theorem of Bass, one in fact knows that findimΛop = 0 if and only if every simple
S occurs in the socle of Λ (Prop. 1.16), and as a result there are almost always
simples that cannot be delooped. One is then lead to look for an analogous con-
dition in the case of higher finitistic dimension. A natural generalisation is to
consider whether the n-th syzygy ΩnS ≃ Ωn+1N can be delooped (n+1)-times for
some n ≥ 0. If this occurs for fixed n ∈ N and all simple S, then one sees that
findim Λop ≤ n (Proposition 1.3), reducing to one implication of the theorem of
Bass when n = 0. Analysing this way of bounding the finitistic dimension, natural
examples and methods eventually lead one to include deloopings up to retract in
the stable module category modΛ. This then motivates the following (see Def. 1.2
for precision).
Definition (Def. 1.2). The delooping level of S is defined as
dellS := inf{n ≥ 0 | ΩnS is a stable retract of Ωn+1N for some N ∈ modΛ}.
(dellS = ∞ if no such n exists). The delooping level of the ring Λ is then defined
as dell Λ := supS dellS, where S runs over the finitely many simples in modΛ.
The invariant dellS seems to interpolate between other invariants which have been
used to bound the finitistic dimension, such as the repetition index [GHZ98] or the
G-dimension [AB69]. However dellS can be finite even when the latter are infinite.
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To make any use of this invariant, one wants methods to bound the delooping level
from above; for example the main theorem (Thm. 2.12) will follow as soon as one
manages to bound dellΛ ≤ depthΛ. The main tool we employ is the series of adjoint
pairs (Σn,Ωn) on the stable module category for n ≥ 0, where the left adjoint Σ to
the syzygy functor Ω was introduced by Auslander–Reiten. Such adjoint pairs give
rise, for each module M in the stable category of Λ, to two approximation towers
M → ΩΣM → Ω2Σ2M → · · · → ΩnΣnM → Ωn+1Σn+1M → · · ·
and
· · · → Σn+1Ωn+1M → ΣnΩnM → · · · → Σ2Ω2M → ΣΩM →M.
These were first studied in [AB69], and are useful in studying the delooping level.
As first method to control the delooping level, we offer a universal characterisation
in terms of the above adjoint pairs.
Theorem (Thm. 1.10, Cor. 1.12). Let Λ be a Noetherian semiperfect ring. Then
dell Λ ≤ n if and only if the unit map ηn+1 : Ω
nS → Ωn+1Σn+1ΩnS is a split-
monomorphism for each simple module S.
This reduces the study of dell Λ to the structure of the modules Ωn+1Σn+1ΩnS.
As second method, we offer a torsionfreeness criterion inspired from homological
algebra over Gorenstein rings.
Theorem (Torsionfreeness criterion, Cor. 1.14). Let Λ be a Noetherian semiper-
fect ring. Assume that for each simple S, there is an nS such that Σ
nSΩnSS is
torsionfree. Then dell Λ ≤ supS nS <∞.
The main theorem will follow as an application of our torsionfreeness criterion.
As third method, and complementing the torsionfreeness criterion, we construct
higher analogs of the Auslander–Bridger exact sequence adapted to studying the
torsionfree and reflexive properties for modules of the form ΣnΩnM . These exact
sequences, although formulated slightly differently, also appeared in prior work of
Hoshino–Nishida [HN02]. See Section 2.2 for details.
Together, these methods allow us to compute or upper bound the delooping level
of standard classes of algebras. We obtain results for:
• Gorenstein rings,
• local Artinian rings,
• rings of depth zero,
• radical square zero algebras,
• monomial Artin algebras,
• n-syzygy finite algebras,
• commutative local Noetherian rings,
• noncommutative local Noetherian rings,
• Auslander-Gorenstein rings,
• rings whose simple modules satisfy the Ext-vanishing conditions (∗).
Depth, delooping level and Cohen-Macaulayness. Finally, we discuss our
new characterisation of the depth of commutative local Noetherian rings. With the
language in place, we can state the full theorem in terms of the adjunction (Σn,Ωn):
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Theorem (Thm. 3.1). Let R = (R,m, k) be a commutative local Noetherian ring.
Then we have equalities depthR = findimR = dellR. More precisely, when R has
depth d, the unit map of (Σd+1,Ωd+1) gives rise to a stable equivalence
Ωdk
≃
−→ Ωd+1Σd+1Ωdk
and d = depthR is the lowest index for which this holds.
An analogous result holds for noncommutative local Noetherian rings (Thm. 3.2).
The above theorem shows that dellΛ can be considered as an extension of the depth
of commutative local Noetherian rings to the noncommutative domain. In the last
section we argue that the inequality
FindimΛop ≤ dell Λ
is a form of “Cohen-Macaulay” property for Noetherian semiperfect rings. We show
that this inequality characterises Cohen-Macaulay rings amongst commutative local
Noetherian rings, and that it holds also for all noncommutative Gorenstein rings
and noncommutative Artinian rings (Thm. 4.1). In fact, our results suggest the
stronger possibility that equality holds for Artinian rings, and we record this as an
open question.
Question (Qu. 4.2). Let Λ be an Artinian ring. Do we have FindimΛop = dell Λ?
A positive answer would suggest that the delooping level serves as the natural
replacement for the depth in the noncommutative setting.
Structure of the paper.
• In Section 1, we introduce the depth and delooping level of Λ. We then
study the left adjoint to syzygies in 1.1, and derive various criteria for
controlling the delooping level. In 1.2 we consider the delooping level for
standard classes of examples.
• In Section 2, we introduce the Auslander–Bridger grade conditions, and
use them in 2.1 to prove the main theorem. In 2.2 we construct the higher
Auslander–Bridger exact sequences.
• In Section 3, we state and prove our new characterisation of the depth
of commutative local Noetherian rings, and derive an analogous result for
noncommutative local Noetherian rings.
• In Section 4, we end the paper with discussing the Cohen-Macaulay in-
equality Findim Λop ≤ dell Λ and suggest that equality holds for Artinian
rings.
Acknowledgements. The author is thankful to Ben Briggs for interesting con-
versations on the subject of this paper.
Conventions and notation. Noetherian and Artinian rings in this paper will al-
ways stand for two-sided Noetherian and two-sided Artinian rings. Unless specified
otherwise, Λ will always denote a Noetherian semiperfect ring. An Artin algebra
will mean a ring Λ which is a finite R-algebra for R = (R,m, k) a commutative local
Artinian ring. The category ModΛ stands for the category of all right Λ-modules,
and the category of left modules ModΛop is identified with right modules over the
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opposite ring. We let mod Λ stand for the full subcategory of finitely presented
right modules, and without further modifier a module will always mean an object
of modΛ.
While the paper is written in the generality of Noetherian semiperfect rings Λ,
the Noetherian assumption alone is enough for many results and the semiperfect
hypothesis is used to simplify the text. All we require is that simple modules form
a test class for measuring projective dimension via Tor. The interested reader will
find no difficulty in verifying the results in this generality.
Stable module categories. The stable module category modΛ will always mean
the category whose objects coincide with mod Λ, and with morphisms given by
residue classes of homomorphisms modulo those factoring through projective ob-
jects. The syzygy functor Ω : mod Λ → mod Λ is defined on the stable module
category, and can be computed as the kernel Ω(M) = ker(P ։M) of any epimor-
phism from a projective P in modΛ; in particular we do not insist that syzygies be
computed from projective covers.
Objects in modΛ can always be considered as objects of modΛ, well-defined up to
direct sum with projectives. To handle possible ambiguity, we shall use implicitly
the following well-known lemma on stable module categories:
Lemma 0.1. Let M,N ∈ modΛ.
1) The following are equivalent:
i) M is a retract of N in modΛ.
ii) M is a retract of N ⊕ P in modΛ for some projective object P .
2) The following are equivalent:
i) M is isomorphic to N in modΛ.
ii) M ⊕Q is isomorphic to N ⊕ P in modΛ for some projective objects P,Q.
Proof. 1) Assume i) and let s : M ⇆ N : π satisfy πs = idM in modΛ. We have
a factorisation of idM − πs = βα in modΛ for morphisms M
α
−→ P
β
−→ M and P a
projective object. The morphisms
M
s′=s⊕α
−−−−−→ N ⊕ P
pi′=pi+β
−−−−−→M
compose to π′s′ = πs+ βα = idM and ii) holds. The converse is clear.
2) Assume i) and let s : M ⇆ N : π be inverse isomorphisms in mod Λ. By 1),
there is a retract s′ : M ⇆ N ⊕ P : π′ in modΛ with notation as above, and thus
M ⊕Q ∼= N ⊕ P for some complement Q. We now show that Q is projective.
Let ιQ : Q ⇆ N ⊕ P : πQ be the inclusion and projection, so that πQιQ = idQ
and ιQπQ = idN⊕P − π
′s′. Since s, π descend to inverse isomorphisms in the stable
module category, so do s′, π′ and thus idN⊕P = π
′s′ in mod Λ. It follows that
idQ = id
2
Q = πQ(ιQπQ)ιQ = πQ(idN⊕P − π
′s′)ιQ = 0 in modΛ and Q is projective,
and so ii) holds. The converse is again clear. 
In the first case we say that M is a stable retract of N , and in the second case that
M is stably equivalent to N . We always denote stable equivalence by M ≃ N and
isomorphism in modΛ by M ∼= N .
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1. The depth and delooping level of a ring
Let Λ be a Noetherian semiperfect ring. The little and big finitistic dimensions of
Λ are respectively
findimΛ := sup{projdimM | M ∈ modΛ, projdimM <∞}
FindimΛ := sup{projdimM | M ∈ ModΛ, projdimM <∞}.
We call findimΛ the finitistic dimension of Λ for short. More precisely, this defines
the right finitistic dimension and we use findimΛop (resp. FindimΛop) to denote the
left finitistic dimension. When Λ = R = (R,m, k) is a commutative local Noetherian
ring, we have findim R = depth R by the Auslander–Buchsbaum formula and so
the finitistic dimension is well-understood in terms of a more basic invariant. This
will serve as a natural starting point for our investigation.
In the general situation, one still has a natural notion of depth available. Recall
that the grade of M ∈ modΛ is defined as
gradeM := inf Ext∗Λ(M,Λ) = inf{i ≥ 0 | Ext
i
Λ(M,Λ) 6= 0}.
In the local commutative case we have depth R = grade k = inf Ext∗R(k,R). In
general, we opt to take the supremum over all simples S to define the depth.
Definition 1.1. The depth of Λ is defined as depthΛ := supS gradeS.
We mention that finiteness of depth Λ for Artin algebras is the statement of the
generalised Nakayama conjecture.
Taking inspiration from the Auslander-Buchsbaum formula, one may try to upper
bound the finitistic dimension of a Noetherian semiperfect ring Λ by its depth.
One class of proofs of the formula proceeds by induction on depthR, reducing to
the base case of depthR = 0 where k embeds in the socle of R; observe that this
turns k ≃ Ω1N into a syzygy module for N = R/k. This is then used to bound
findimR ≤ 0 = depthR.1
Extrapolating the argument in this last bound to higher finitistic dimensions, we
are lead to introducing a new invariant. Denote by stable retracts the retracts in
the stable category modΛ. We then define the delooping level of M ∈ modΛ to be
dellM := inf{i ≥ 0 | ΩiM is a stable retract of Ωi+1N for some N ∈ modΛ}.
As with the depth, we define an invariant by taking supremum over the simples S.
Definition 1.2. The delooping level of Λ is defined as dell Λ := supS dellS.
Unpacking the definition, one sees that dell Λ ≤ n if and only if for each simple S,
the n-th syzygy ΩnS is a stable retract of Ωn+1NS for some NS ∈ modΛ. Our first
observation is that depth Λ and dell Λ bound the finitistic dimension.
Proposition 1.3. Let Λ be a Noetherian semiperfect ring. We have inequalities
depth Λ ≤ findim Λop ≤ dell Λ.
If Λ is Artinian, then we have the additional bound
depth Λ ≤ findim Λop ≤ Findim Λop ≤ dell Λ.
1The author has first learned such an argument from lecture notes of S. Spiroff for a VIGRE
summer school in 2004 at the University of Utah.
8 VINCENT GE´LINAS
Proof. The lower bound depth Λ ≤ findim Λop is due to Jans [Jan61] and ob-
tained as follows. Let P∗
≃
−→ S be a projective resolution of a simple S by finitely
generated projectives, and consider then consider truncations of the dual complex
P ∗∗ = HomΛ(P∗,Λ):
0→ P ∗0
δ∗1−→ P ∗1
δ∗2−→ . . .
δ∗n−1
−−−→ P ∗n−1
δ∗n−→ P ∗n → coker(δ
∗
n)→ 0.
If Ext∗Λ(S,Λ) = 0, the above is a projective resolution of coker(δ
∗
n) for each n ≥ 1
and one sees that ExtnΛop(coker(δ
∗
n),Λ) = S 6= 0. Therefore findim Λ
op = ∞. If
Ext∗Λ(S,Λ) 6= 0, this argument gives Ext
i
Λ(S,Λ) 6= 0 for some i ≤ findim Λ
op. In
each case it follows that gradeS ≤ findimΛop, and so depthΛ ≤ findimΛop holds.
To prove the bound findimΛop ≤ dell Λ, we may first assume that dell Λ = d <∞.
In this case, for each simple S there is an NS ∈ modΛ such that Ω
dS is a stable
retract of Ωd+1NS . Let M ∈ modΛ
op be a module of finite projective dimension n.
Since Λ is semiperfect, there exists a simple S ∈ modΛ such that TorΛn(S,M) 6= 0.
Now, TorΛn(−,M) is a functor on mod Λ when n ≥ 1 and therefore sends stable
retracts to retracts of abelian groups. If n > d, the non-zero abelian group
TorΛn(S,M) = Tor
Λ
n−d(Ω
dS,M)
is then a retract of
TorΛn−d(Ω
d+1NS ,M) = Tor
Λ
n+1(NS ,M) = 0.
This contradiction shows that n ≤ d, and so we have shown findimΛop ≤ dell Λ.
Finally, when Λ is Artinian, the Baer criterion shows that for any X ∈ ModΛ of
finite injective dimension n, there is a simple S ∈ modΛ with ExtnΛ(S,X) 6= 0. Re-
peating the above argument gives a bound for the big injective finitistic dimension
InjFindimΛ = sup{injdimX | X ∈ ModΛ, injdimX <∞} ≤ dell Λ.
By a theorem of Matlis [Mat59, Thm. 1], the big right injective finitistic dimension
equals the big left flat finitistic dimension InjFindim Λ = FlatFindim Λop. Since
Λ is perfect, the latter equals Findim Λop and Findim Λop = InjFindim Λ ≤ dell Λ
follows. 
We point out that either inequality in depthΛ ≤ findimΛop ≤ dell Λ can be strict.
Consider the differences
N1 = findimΛ
op − depthΛ
N2 = dell Λ − findimΛ
op.
Concerning N1, Huisgen-Zimmermann has constructed examples of Artin algebras
with radical square zero in which N1 ≫ 0 (see remark after Prop. 2 in [Kra98], and
use that findimΛop = FindimΛop for radical square zero algebras [HZ95, Sect. 3]).
Concerning N2, note that the bound findimΛ
op ≤ FindimΛop ≤ dellΛ for Artinian
rings shows that an equality findimΛop = dell Λ leads to the equality findimΛop =
FindimΛop, and so to the validity of the first finitistic dimension conjecture for Λop.
The first counterexamples were also constructed by Huisgen-Zimmermann [HZ92];
this was followed-up by Smalø [Sma98] who constructed Artinian rings of radical
cube zero over which FindimΛop− findimΛop ≫ 0, and so N2 ≫ 0 over these rings
as well.
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The last bound to consider is the bound Findim Λop ≤ dell Λ for Artinian rings.
Equality in this case appears more mysterious, and will be considered in Section 4.
A toy example. At first glance, it isn’t clear that dell Λ has any chance of being
finite in general. We first consider a simple but important example.
Recall that M ∈ mod Λ is Gorenstein-projective if there exists an unbounded,
acyclic complex of finite projectives
· · · → C2 → C1 → C0 → C−1 → C−2 → · · ·
whose zero-truncation resolves M , and such that HomΛ(C∗,Λ) is also acyclic. We
say that C∗ is a complete resolution of M . In this case M ≃ Ω
nN for any n ≥ 0
and appropriate N obtained by truncating the above complex further to the right,
and so M is an arbitrarily high order syzygy module.
Recall also that Λ is Gorenstein if injdimΛΛ <∞ and injdimΛ
op
Λop < ∞, in which
case these values are equal by a theorem of Zaks [Zak69, Appendix]. We refer
to the common value injdim ΛΛ = injdim Λ
op
Λop as the dimension of Λ. Over a
Gorenstein ring, Buchweitz [Buc86, 4.4] has shown that the Gorenstein-projectives
are precisely those modules M satisfying ExtiΛ(M,Λ) = 0 for i > 0, and it follows
that n-th syzygy modules are Gorenstein-projective as soon as n ≥ injdimΛΛ.
Example 1.4. Let Λ be Gorenstein of dimension d. For any simple module S, the
d-th syzygy module ΩdS is Gorenstein-projective and so an arbitrarily high order
syzygy. It follows that dellS ≤ d, and so the delooping level of Λ is at most d.
In fact the delooping level equals precisely the injective dimension for Gorenstein
rings, as we will see (Example 1.18).
1.1. Adjunction for syzygies and a torsionfreeness criterion. Let Λ be a
Noetherian semiperfect ring and S a simple module. Suppose we suspect that
dellS ≤ n, so that ΩnS should be a stable retract of Ωn+1NS for some NS . We are
faced with the problem of constructing NS in some way from S.
The case of Λ Gorenstein is illuminating, and we rephrase Example 1.4 as follows.
Buchweitz [Buc86, 5.0] has constructed a Gorenstein-projective approximation
SGP → S
meaning that SGP is Gorenstein-projective and any other such map uniquely factors
through it in the stable category, with the property that taking d-th syzygy induces
a stable equivalence
ΩdSGP
≃
−→ ΩdS.
The syzygy functor is invertible on the stable category of Gorenstein-projectives,
and setting NS := Ω
−1SGP gives stable equivalences
Ωd+1NS
≃
−→ ΩdSGP
≃
−→ ΩdS.
Over general Λ, it turns out that fragments of the Gorenstein-projective machinery
still make sense in modΛ and these can be used to provide a canonical candidate
for NS . The crucial tool is the left adjoint to the syzygy functor constructed by
Auslander–Reiten.
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The left adjoint to syzygies. Let Λ be a Noetherian semiperfect ring throughout.
We denote the Auslander–Bridger transpose by Tr : modΛ→ modΛop. Recall that
Tr is computed by dualising a presentation by finite projectives
P1 → P0 →M → 0
to a presentation
P ∗0 → P
∗
1 → TrM → 0.
The transpose is a contravariant duality in that Tr2 = id. We then define the
suspension functor as Σ := TrΩTr : modΛ→ modΛ.
Proposition 1.5 ([AR96, Cor. 3.4]). The pair (Σ,Ω) is an adjoint pair on modΛ.
The module ΣM has a simple presentation in terms of M . Let P∗
∼
−→ M and
Q∗
∼
−→ M∗ be projective resolutions, and write σ : M → M∗∗ for the canonical
evaluation map. Following Buchweitz [Buc86, 5.6.1], we introduce the Norm map
of M given as the composition
· · · // P1 // P0
((PP
PP
PP
Norm // Q∗0 // Q
∗
1
// · · ·
M
σ // M∗∗
66❧❧❧❧❧❧
The next lemma follows from unpacking the definition.
Lemma 1.6. Let M ∈ modΛ. We have a presentation
P0
Norm
−−−→ Q∗0 → ΣM → 0.
In other words, ΣM is the cokernel of the Norm map.
Define tM := ker(σ) to be the torsion part of M , and we say that M is torsionfree
when tM = 0. From the above lemma, we see that
ΩΣM ≃ im(Norm : P0 → Q
∗
0) = im(σ :M →M
∗∗) ∼=M/tM.
In particular ΩΣM ≃M whenever M is torsionfree. This hints at a close relation-
ship between torsionfreeness and ΩΣ(−); we will see a more canonical statement
below.
Approximation towers and torsionfreeness. The adjoints (Σ,Ω) are endo-
functors, and taking powers we obtain further adjoint pairs (Σn,Ωn) for each n ≥ 1.
Let us write
ηn :M → Ω
nΣnM
εn : Σ
nΩnM →M
for the unit and the counit of this adjunction. Associated is an approximation tower
M → ΩΣM → Ω2Σ2M → · · · → ΩnΣnM → Ωn+1Σn+1M → · · ·
where each map is obtained from the unit η1 : Σ
iM → ΩΣ(ΣiM) by applying
Ωi(−). Dually, the counit map ε1 gives rise to an approximation tower
· · · → Σn+1Ωn+1M → ΣnΩnM → · · · → Σ2Ω2M → ΣΩM →M
with dual properties, and the two constructions are exchanged by Tr(−). We record
a simple but useful property, which follows from standard arguments on adjunctions.
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Lemma 1.7. Consider the morphisms in the above tower for M .
i) The composition M → · · · → ΩnΣnM agrees with the unit map ηn.
ii) The composition ΣnΩnM → · · · →M agrees with the counit map εn.
These towers were studied in [AB69], although under the different the notation
D2k = Ω
kΣk and J2k = Σ
kΩk, where Dk = Ω
kTr and Jk := TrΩ
k. They are closely
related to torsionfreeness properties of M and TrM , as in the following definition.
Definition 1.8. A moduleM is n-torsionfree is ExtiΛop(TrM,Λ) = 0 for 1 ≤ i ≤ n.
From [AB69] (see also Section 2.2), we know that M is 1-torsionfree if and only
if it is torsionfree, and M is 2-torsionfree if and only if it is reflexive. The next
proposition collects standard properties of these approximation towers.
Proposition 1.9. Let M ∈ modΛ. The following properties hold in modΛ:
i) ΩΣM ≃M/tM , and M → ΩΣM is represented by the map M ։M/tM .
ii) Ω2Σ2M ≃M∗∗, and M → Ω2Σ2M is represented by the map M
σ
−→M∗∗.
iii) M → ΩΣM is a stable equivalence if and only if M is torsionfree.
iv) M → Ω2Σ2M is a stable equivalence when M is reflexive. The converse holds
over rings over which double dual modules are reflexive.
v) If M is n-torsionfree then the first n layers are stable equivalences
M
≃
−→ ΩΣM
≃
−→ · · ·
≃
−→ ΩnΣnM.
vi) If TrM is n-torsionfree then the first n dual layers are stable equivalences
ΣnΩnM
≃
−→ · · ·
≃
−→ ΣΩM
≃
−→M.
vii) If M is Gorenstein-projective, then so is ΣM and we have stable equivalences
ΣΩM
≃
−→M
≃
−→ ΩΣM.
viii) If Λ is Gorenstein of dimension d, then for any M ∈ modΛ the tower
· · · → Σn+1Ωn+1M → ΣnΩnM → Σn−1Ωn−1M → · · · → Σ1Ω1M →M
collapses to stable equivalences Σn+1Ωn+1M
≃
−→ ΣnΩnM for n ≥ d and the
map ΣdΩdM →M is a Gorenstein-projective approximation.
Proof. This is mostly standard (up to differing language), and we provide proofs
or point to the literature as needed.
Case i). Realising ΣM as the cokernel of the Norm map (Lemma 1.6), we saw
that ΩΣM ≃ M/tM . The claim about the unit map is easiest to see from the
presentation of the adjoint isomorphism given in [AR96, Section 3].
Case ii). Applying the identity X∗ ≃ Ω2TrX for X ∈ modΛ twice gives
M∗∗ ≃ Ω2TrM∗ ≃ Ω2TrΩ2TrM = Ω2Σ2M.
The claim about the unit map again is easiest to see from the presentation of the
adjoint isomorphism in [AR96, Section 3].
Case iii). If M is torsionfree then M
≃
−→ ΩΣM from i). Conversely if M
≃
−→ ΩΣM
is a stable equivalence thenM ≃ ΩΣM ≃M/tM , and there are projective modules
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P,Q for which M ⊕ P ∼= M/tM ⊕ Q. Therefore M is a direct summand of a
torsionfree module and so is torsionfree.
Case iv). The first implication follows from ii). Conversely, if M∗∗ is reflexive and
M
≃
−→ Ω2Σ2M ≃M∗∗ thenM⊕P ∼=M∗∗⊕Q for some projectives P,Q. Therefore
M is a summand of a reflexive module and so is reflexive.
Case v). SinceM is n-torsionfree, in particular torsionfree, we haveM
≃
−→ ΩΣM by
i). We claim that ΣkM is also torsionfree for all 0 ≤ k ≤ n−1. Using TrΣk ≃ ΩkTr
gives
Ext1(TrΣkM,Λ) = Extk+1(TrM,Λ) = 0
since 1 ≤ k + 1 ≤ n. It follows that ΣkM
≃
−→ ΩΣk+1M is a stable equivalence, and
applying Ωk(−) gives ΩkΣkM
≃
−→ Ωk+1Σk+1M as we wanted.
Case vi). This is dual to v).
Case vii). Let P∗
≃
−→M and Q∗
≃
−→M∗ be projective resolutions, and consider the
complex C∗ constructed by gluing along the Norm map
· · · // P1 // P0
((PP
PP
PP
Norm // Q∗0 // Q
∗
1
// · · ·
M
σ // M∗∗
66❧❧❧❧❧❧
If M is Gorenstein-projective then this is a complete resolution for M , and ΣM =
coker(Norm) has complete resolution given by the suspension of C∗ as a complex.
Hence ΣM is Gorenstein-projective. For the second claim, recall that Gorenstein-
projectives are characterised by the condition ([AB69, Prop. 3.8])
ExtiΛ(M,Λ) = 0 and Ext
i
Λop(TrM,Λ) = 0 for i > 0.
Hence M and TrM are torsionfree and so ΣΩM
≃
−→M
≃
−→ ΩΣM follows from i).
Case viii). When Λ is Gorenstein of dimension d then ΩnM is Gorenstein-projective
for any n ≥ d. By vii) we have ΣΩ(ΩnM)
≃
−→ ΩnM , and applying Σn(−) then gives
Σn+1Ωn+1M
≃
−→ ΣnΩnM .
For the second claim, note that ΣdΩdM is Gorenstein-projective. The Gorenstein-
projectives over a Gorenstein ring are precisely the modules of the form ΩdX , and as
Gorenstein-projectives are closed under Tr(−) these are also precisely the modules
of the form ΣdY . By standard properties of adjunctions [Bor94, Section 3.1], any
morphism from a Gorenstein-projective f : ΣdY →M factors uniquely as
ΣdY
f
$$❏
❏
❏
❏
❏
❏
❏
❏
❏
❏
Σd(g) // ΣdΩdM
εd

M
with g : Y → ΩdM the adjoint morphism to f , as we wanted. 
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Revisiting the Gorenstein case. With this machinery in place, we can now
revisit the argument bounding the delooping level of a Gorenstein ring given in
Example 1.4. Let Λ be Gorenstein of dimension d and let S be a simple module.
By Proposition 1.9 viii) the counit map
ΣdΩdS → S
is a Gorenstein-projective approximation, which we saw earlier is sent under Ωd(−)
to a stable equivalence
ΩdΣdΩdS
≃
−→ ΩdS.
Since ΣdΩdS is Gorenstein-projective, it is torsionfree and so we have a stable
equivalence
ΣdΩdS
≃
−→ ΩΣ(ΣdΩdS).
Combining the two, we obtain a pair of morphisms
S ← ΣdΩdS
≃
−→ ΩΣd+1ΩdS
which are sent under Ωd(−) to stable equivalences
ΩdS
≃
←− ΩdΣdΩdS
≃
−→ Ωd+1Σd+1ΩdS.
The left hand side morphism is always a retract in the general case (as in any
adjunction), with section given by the unit map ηd in the opposite direction; this
section is the natural morphism for us in general, and happens to be a stable
equivalence only because ΩdS is Gorenstein-projective (apply Proposition 1.9 v)).
We can therefore turn this diagram around to the more canonical
ΩdS
≃
−→ ΩdΣdΩdS
≃
−→ Ωd+1Σd+1ΩdS.
The resulting composition is also the unit map ηd+1 by Lemma 1.7. Setting
NS := Σ
d+1ΩdS, we obtain the sought-after canonical construction mentioned at
the beginning of Section 1.1.
In this way, we see that the inequality dellS ≤ d over Gorenstein rings of dimension
d is a consequence of a deeper structural statement, phrased in terms of the general
machinery associated to the adjoint pair (Σn,Ωn). We now use this machinery to
formulate a pair of theorems valid over general Noetherian semiperfect rings Λ.
The delooping level and a torsionfreeness criterion. Recall that we have
defined the delooping level of M ∈ modΛ as
dellM := inf{n ≥ 0 | ΩnM is a stable retract of Ωn+1N for some N ∈ modΛ}
and dell Λ = supS dell S, where S runs over the simples. Since findimΛ
op ≤ dell Λ
by Proposition 1.3 (resp. Findim Λop ≤ dell Λ for Artin algebras), any method to
bound the delooping level of simple modules gives a method to prove finiteness of
the finitistic dimension. In this section, we provide two such results.
The first theorem is a universal characterisation for dellM , which follows immedi-
ately from the pair (Σn,Ωn) forming an adjunction. We say for short that the unit
map ηn : X → Ω
nΣnX splits if it is a section in modΛ.
Theorem 1.10. Let Λ be a Noetherian semiperfect ring. The following are equiv-
alent for any M ∈ modΛ and n ≥ 0:
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i) ΩnM is a stable retract of Ωn+1N for some N ∈ modΛ.
ii) ΩnM is a stable retract of Ωn+1Σn+1ΩnM .
iii) The unit map ηn+1 : Ω
nM → Ωn+1Σn+1ΩnM splits in modΛ.
Therefore the delooping level is equal to
dellM = inf{n ≥ 0 | ηn+1 : Ω
nM → Ωn+1Σn+1ΩnM splits in modΛ}.
Proof. Clearly iii) =⇒ ii) =⇒ i), and it suffices to show i) =⇒ iii). We use
that any morphism f : X → Ωn+1N in modΛ factors as
X
f %%❑❑
❑
❑❑
❑❑
❑
❑❑
ηn+1 // Ωn+1Σn+1X
Ωn+1f

Ωn+1N
where f : Σn+1X → N corresponds to f under the adjunction [Bor94, Section 3.1].
Applying this X = ΩnM and any section ι : ΩnM → Ωn+1N to a retract π in
modΛ, we obtain a commutative diagram
ΩnM
ι
''❖❖
❖❖
❖❖
❖❖
❖❖
❖
ηn+1 // Ωn+1Σn+1ΩnM
Ωn+1ι

Ωn+1N.
pi
[[
Therefore ηn+1 splits as claimed. The last statement is clear. 
Theorem 1.10 has for immediate consequences:
Corollary 1.11. Let Λ be Noetherian semiperfect and M ∈ mod Λ. Assume that
ηn+1 : Ω
nM → Ωn+1Σn+1ΩnM splits. Then ηm+1 : Ω
mM → Ωm+1Σm+1ΩmM
splits for any m ≥ n.
Proof. Apply the equivalence i) ⇐⇒ iii) of Theorem 1.10. 
Corollary 1.12. Let Λ be Noetherian semiperfect. The following are equivalent:
i) dell Λ ≤ n.
ii) ΩnS is a stable retract of Ωn+1Σn+1ΩnS for each simple module S.
iii) The unit map ηn+1 : Ω
nS → Ωn+1Σn+1ΩnS splits for each simple module S.
As a result deciding the condition dell Λ ≤ n becomes tractable, reduced to de-
termining the structure of the modules Ωn+1Σn+1ΩnS for S simple. This suggests
such modules should play an interesting role in the study of the finitistic dimension.
The next theorem encapsulates the “Gorenstein delooping” argument laid out in
the last section, which now becomes a torsionfreeness criterion valid for general Λ.
Theorem 1.13. Let M ∈ modΛ. If ΣnΩnM is torsionfree then dellM ≤ n.
Proof. A general property of adjunctions is that the counit map
ΣnΩnM
εn−→M
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becomes a retract after applying Ωn(−), with corresponding section the unit map
ΩnM
ηn
−→ ΩnΣnΩnM.
If ΣnΩnM is torsionfree then we have a stable equivalence
ΣnΩnM
≃
−→ ΩΣ(ΣnΩnM).
Applying Ωn(−) and combining with the above gives a section
ΩnM
ηn
−→ ΩnΣnΩnM
≃
−→ Ωn+1Σn+1ΩnM
which Lemma 1.7 shows is simply the unit map ηn+1. Therefore dellM ≤ n. 
Applying Theorem 1.13 to simple modules, we obtain a torsionfreeness criterion for
finiteness of the delooping level.
Corollary 1.14 (Torsionfreeness criterion). Let Λ be a Noetherian semiperfect ring.
Assume that for each simple S, there is an nS such that Σ
nSΩnSS is torsionfree.
Then dell Λ ≤ supS nS <∞.
We can rephrase this criterion in special cases of interest. Recall that an Artin
algebra Λ is a finite R-algebra over a local commutative Artinian ring R = (R,m, k).
We let D := HomR(−, E(k)) be the Matlis duality between mod Λ and mod Λ
op,
and τ = DTr be the Auslander–Reiten translate. Using Auslander–Reiten duality,
we can rewrite the obstruction to torsionfreeness of X ∈ modΛ as
Ext1Λop(TrX,Λ)
∼= Ext1Λ(DΛ, τX)
∼= DHomΛ(X,DΛ).
Applying this to X = ΣnΩnM and using the adjunction isomorphism
HomΛ(Σ
nΩnM, DΛ) ∼= HomΛ(Ω
nM, ΩnDΛ)
we conclude that ΣnΩnM is torsionfree if and only if HomΛ(Ω
nM,ΩnDΛ) = 0.
The torsionfreeness criterion can then be recast over Artin algebras as follows:
Corollary 1.15 (Torsionfreeness criterion for Artin algebras). Let Λ be an Artin
algebra. Assume that for each simple module S, there is an nS ∈ N such that
HomΛ(Ω
nSS, ΩnSDΛ) = 0. Then dell Λ ≤ supS nS <∞.
1.2. The delooping level of standard classes of algebras. We now study the
invariant dellΛ for well-understood classes of algebras. To start, the following char-
acterisation of the finitistic dimension zero case is essentially due to Bass (compare
with the dual statement of Theorem 6.3 (4) in [Bas60]).
Proposition 1.16 (Bass’s Theorem). Let Λ be Noetherian semiperfect. The fol-
lowing are equivalent:
i) depth Λ = 0.
ii) findim Λop = 0.
iii) dell Λ = 0.
If Λ is Artinian, this is also equivalent to:
iv) Findim Λop = 0.
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Proof. We have depthΛ ≤ findimΛop ≤ dell Λ, and depthΛ ≤ FindimΛop ≤ dell Λ
in the Artinian case. It’s enough to show that depth Λ = 0 implies dell Λ = 0.
When depth Λ = 0, we have S∗ 6= 0 for every simple S and so S →֒ ΛΛ, which
shows that dell Λ = supS dellS = 0 as we wanted. 
Example 1.17. Let Λ be a local Artinian ring. Then dell Λ = 0.
Another situation where everything is well-understood is the Gorenstein case, due
to results of Angeleri-Hu¨gel–Herbera–Trlifaj.
Example 1.18 (Gorenstein rings). Let Λ be Gorenstein. Then we have equalities
findimΛop = findimΛ = FindimΛop = FindimΛ = dell Λop = dell Λ = injdimΛΛ.
Indeed ΣnΩnS is Gorenstein-projective for every n ≥ injdimΛΛ and S simple and
so dell Λ ≤ injdim ΛΛ by the torsionfreeness criterion. Proposition 1.3 then gives
findim Λop ≤ dell Λ ≤ injdim ΛΛ. By [AHHT06, Thm. 3.2] we have findim Λ
op =
Findim Λop = injdim ΛopΛop = injdim ΛΛ, and so findim Λ
op = dell Λ = injdim ΛΛ.
The remaining equalities follow by symmetry.
The depth of Gorenstein rings is more subtle and will be considered at the end of
Section 2.1.
Next, we consider two related invariants which have been used to bound the fini-
tistic dimension, namely the notion of “strongly redundant image” of Fuller–Wang
[FW93] and the repetition index of Goodearl–Huisgen-Zimmermann [GHZ98]. Both
notions measure the amount of similarity in indecomposable summands of syzygies
of M .
Definition 1.19 (Fuller–Wang [FW93]). A module M ∈ mod Λ has strongly re-
dundant image from an integer n if ΩnM =
⊕
i∈I Mi where each Mi occurs as a
summand of Ωn+tiM for some ti > 0.
Definition 1.20 (Huisgen–Zimmermann [GHZ98]). A module M ∈ mod Λ has
repetition index at most n if ΩnM =
⊕
i∈I Mi where eachMi occurs as a summand
of Ωn+tiM for infinitely many ti > 0.
Note that we consider syzygy modules defined only up to direct sum with pro-
jectives, and so projective summands of ΩnM are considered to repeat in higher
syzygies as needed.
To put terminology on the same footing, we let the redundancy index redM be the
least n from which M has strongly redundant image. Likewise we write repM for
the repetition index. We immediately have redM ≤ repM . It is easy to see that
both invariants bound the delooping level.
Proposition 1.21. Let Λ be Noetherian semiperfect. Then every M ∈ mod Λ
satisfies dellM ≤ redM ≤ repM .
Proof. Assume n = redM < ∞. Since Λ is Noetherian, ΩnM = M1 ⊕ · · · ⊕Mk
has a complete decomposition into indecomposables, and each Mi is a summand of
Ωn+ti for some ti > 0 by assumption. We then see that Ω
nM is a summand of
Ωn+1(Ωt1−1M ⊕ · · · ⊕ Ωtk−1M)
and so dellM ≤ n. 
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Natural examples are as follows. We say that an Artinian ring Λ is n-syzygy
finite for some n ≥ 1 whenever the full subcategory of summands of n-th syzygies
add (Ωn(modΛ)) ⊆ modΛ has finitely many indecomposable objects. In this case
the repetition index of every M ∈ modΛ is finite, as the sequence
⋃
i≥n
add(ΩiM) ⊇
⋃
i≥n+1
add(ΩiM) ⊇
⋃
i≥n+2
add(ΩiM) ⊇ . . .
must eventually stabilise and M has repetitive syzygy summands from then on.
Example 1.22. Let Λ be Artinian and n-syzygy finite. Then dell Λ <∞.
Artinian monomial path algebras over a field are 2-syzygy finite by [HZ91].
Example 1.23. Let Λ be an Artinian monomial path algebra. Then dell Λ <∞.
When Λ is a radical square zero Artinian ring (i.e. satisfies J2 = 0), it is easy to
see that kernels of projective covers are semisimple and so Λ is 1-syzygy finite.
Example 1.24. Let Λ be a radical square zero Artinian ring. Then dell Λ <∞.
2. The Auslander–Bridger grade conditions
We now investigate when the inequalities
depthΛ ≤ findimΛop ≤ dell Λ
become equalities. We will give sufficient criterion in terms of a grade condition in-
troduced by Auslander–Bridger. Recall that we defined gradeM := inf Ext∗Λ(M,Λ).
Definition 2.1. A module M ∈ modΛ satisfies the n-th Auslander–Bridger con-
dition (or n-th grade condition) if gradeExtiΛ(M,Λ) ≥ i for each 1 ≤ i ≤ n.
To put these conditions in context, we mention a theorem of Bass and Auslander–
Bridger in commutative algebra.
Example 2.2 ([AB69, Prop. 4.21], [Bas63] for n = ∞). Let R be a commutative
Noetherian ring. The following are equivalent:
i) gradeExtiR(M,R) ≥ i for all M ∈ modR and 1 ≤ i ≤ n.
ii) Rp is Gorenstein for each prime p with depthRp < n.
In the noncommutative case, we also have a result of Auslander–Reiten.
Example 2.3 ([AR96, Thm. 0.1]). Let Λ be a Noetherian ring. The following are
equivalent:
a) gradeExtiΛ(M,Λ) ≥ i for all M ∈ modΛ and 1 ≤ i ≤ n.
b) The terms of the minimal injective resolution of Λop
0→ ΛopΛop → I
0 → I1 → · · · → Ii−1 → Ii → Ii+1 → · · ·
satisfy flatdim Ii ≤ i+ 1 for all 0 ≤ i ≤ n− 1.
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The theorems of Bass, Auslander–Bridger and Auslander–Reiten show that impos-
ing the grade conditions on all modules M ∈ modΛ, up to fixed n ∈ N ∪ {∞}, can
be a significant constraint on a ring.
We can instead ask whether a given moduleM satisfies the n-th grade conditions for
some n ∈ N. Of these conditions, the first non-vacuous one arises for n = gradeM .
Let us write jM := gradeM for short.
Definition 2.4. We say that a module M ∈ mod Λ satisfies the first non-trivial
grade condition if gradeExtjMΛ (M,Λ) ≥ jM . Equivalently,
ExtjΛop(Ext
jM
Λ (M,Λ),Λ) = 0 for j < jM .
A natural condition one might ask of a ring is whether its simple modules satisfy the
first non-trivial grade condition. The next example suggests this is a significantly
weaker constraint, i.e. compare the following with Example 2.2.
Example 2.5. Let R be a commutative Noetherian ring and let S = R/m be a
simple module, with m the corresponding maximal ideal. The module ExtjSR (S,R) is
a finite length module supported on {m}, and ExtjR(−, R) vanishes on such modules
for j < jS . Therefore S always satisfies the first non-trivial grade condition.
Our motivation for introducing the grade conditions is the spherical filtration theo-
rem of Auslander–Bridger; it turns out that a lot of useful things can be said about
ΣnΩnM when M satisfies the n-th grade condition. We assume Λ is Noetherian
semiperfect in what follows, and begin with a definition.
Definition 2.6 (Spherical module). Let E 6= 0 and n ≥ 1. A module K ∈ modΛ
is called n-spherical of type E if:
(a) projdimK ≤ n,
(b) ExtiΛ(K,Λ) = 0 for 1 ≤ i ≤ n− 1,
(c) ExtnΛ(K,Λ)
∼= E.
If E = 0, we say that K is n-spherical of type E if it is projective.
Theorem 2.7 (Spherical Filtration Theorem [AB69, Theorem 2.37]). Assume that
M ∈ mod Λ satisfy the n-th grade condition. Then there is a projective module P
and a filtration
Mn ⊆Mn−1 ⊆ · · · ⊆M1 ⊆M0 =M ⊕ P
such that Mk ≃ Σ
kΩkM and Mk−1/Mk is k-spherical of type Ext
k
Λ(M,Λ) for each
1 ≤ k ≤ n. Moreover, the dual map (M ⊕ P )∗ ։M∗k is onto for each 1 ≤ k ≤ n.
Proof. This is [AB69, Theorem 2.37]. The claim about the dual map is shown in
the proof, and relies on [AB69, Corollary 2.32]. 
We will extract a special case in suitable form. We need a lemma.
Lemma 2.8 ([AB69, Lemma 2.34 c)]). Let M satisfy the n-th grade condition.
Then we have ExtiΛ(Σ
kΩkM,Λ) = 0 for 1 ≤ i ≤ k and all 1 ≤ k ≤ n.
Next, recall that a morphism of modules is essential if it is non-zero in the stable
category. From the spherical filtration theorem, we obtain:
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Corollary 2.9. Let S be a simple module of grade jS with 1 ≤ jS <∞, and assume
that S satisfies the jS-th grade condition. Then there is a short exact sequence of
the form
0→ ΣjSΩjSS → S ⊕Q
α
−→ K → 0
for Q some projective module and K a jS-spherical module of type E := Ext
jS
Λ (S,Λ).
Moreover:
i) The dual map (S ⊕Q)∗ ։ (ΣjSΩjSS)∗ is onto.
ii) The map α is essential.
Proof. Applying the spherical filtration theorem for n = jS , we find a projective P
and a filtration
SjS ⊆ SjS−1 ⊆ · · · ⊆ S1 ⊆ S0 = S ⊕ P
with SjS ≃ Σ
jSΩjSS and Sj−1/Sj a j-spherical module of type Ext
j
Λ(S,Λ) for each
1 ≤ j ≤ jS . For each j < jS we have Ext
j
Λ(S,Λ) = 0 by assumption and so Sj−1/Sj
is projective. All but the last inclusions then split, and give stable equivalences
SjS−1 ≃ SjS−2 ≃ · · · ≃ S1 ≃ S0 = S ⊕ P.
In particular, there exists projective modules P ′, P ′′ such that
SjS−1 ⊕ P
′′ ∼= S0 ⊕ P
′ = S ⊕Q
where we set Q := P ⊕ P ′. Consider the monomorphism
ι⊕ id : SjS ⊕ P
′′ →֒ SjS−1 ⊕ P
′′ ∼= S ⊕Q.
This gives rise to a short exact sequence
0→ SjS ⊕ P
′′ → S ⊕Q
α
−→ K → 0
where K is given by
K ∼= (S ⊕Q)/(SjS ⊕ P
′′)
∼= (SjS−1 ⊕ P
′′)/(SjS ⊕ P
′′)
∼= SjS−1/SjS
which is a jS-spherical module of type Ext
jS
Λ (S,Λ). Taking Σ
jSΩjSS := SjS ⊕ P
′′
as stable representative, we obtain the short exact sequence of the main claim.
The claim i) for Q follows immediately from the analogous claim for P in the
spherical filtration theorem. For ii), to show that α is essential, note that the dual
sequence is exact by i) and that ExtiΛ(Σ
jSΩjSS,Λ) = 0 for 1 ≤ i ≤ jS by Lemma
2.8. The long exact sequence then gives the isomorphism
α∗ : ExtjSΛ (K,Λ)
∼=
−→ ExtjSΛ (S ⊕Q,Λ) = Ext
jS
Λ (S,Λ).
Since ExtjSΛ (S,Λ) 6= 0 by assumption and jS ≥ 1 we see that α is essential. 
Finally, the short exact sequence of Corollary 2.9
0→ ΣjSΩjSS → S ⊕Q
α
−→ K → 0
will allow us to access the structure of ΣjSΩjSS, and to deduce when it is torsionfree.
20 VINCENT GE´LINAS
2.1. Main theorem. Before stating the main results, let us first state a lemma
which essentially amounts to an aesthetic improvement on our results. We have
mentioned that the counit map
ΣnΩnM →M
always becomes a retract after applying Ωn(−). A stronger statement is true in the
presence of the grade conditions.
Lemma 2.10 ([AB69, Lemma 2.34 a)]). Let M satisfy the n-th grade condition.
Then the counit ΣnΩnM → M becomes a stable equivalence ΩnΣnΩnM
≃
−→ ΩnM
after applying Ωn(−).
Proof. [AB69, Lemma 2.34 a)] shows that Ωn(εn) : Ω
nΣnΩnM → ΩnM induces an
isomorphism of functors Ext1(ΩnM,−)
∼=
−→ Ext1(ΩnΣnΩnM,−), and this implies
Ωn(εn) is a stable equivalence by a result of Eckmann-Hilton [AB69, Prop. 1.41].

We now state the key result of this section. Recall that S satisfies the first non-
trivial grade condition if
ExtjΛop(Ext
jS
Λ (S,Λ),Λ) = 0 for j < jS .
If jS = gradeS =∞ we interpret this condition to hold vacuously.
Proposition 2.11. Let Λ be a Noetherian semiperfect ring. Let S ∈ mod Λ be a
simple module of finite grade jS < ∞, and assume that S satisfies the first non-
trivial grade condition. Then ΣjSΩjSS is torsionfree, and the unit map ηjS+1 gives
rise to a stable equivalence
ΩjSS
≃
−→ ΩjS+1ΣjS+1ΩjSS.
In particular, dell S ≤ jS.
Proof. We show that ΣjSΩjSS is torsionfree; recall that a module is torsionfree if
and only if it is a syzygy module, or equivalently a submodule of a projective.
When jS = 0 then S
∗ 6= 0 by definition, so that S →֒ ΛΛ and S is torsionfree.
When jS ≥ 1, Proposition 2.9 gives a short exact sequence
0→ ΣjSΩjSS → S ⊕Q
α
−→ K → 0
with Q projective and α essential. We claim that the composite
ΣjSΩjSS →֒ S ⊕Q։ Q
is a monomorphism. If not, then the simple module S = S ⊕ 0 ⊆ S ⊕Q intersects
ΣjSΩjSS non-trivially and must be contained in it. In particular α(S) = 0, contra-
dicting that α is essential. Hence we have obtained an embedding ΣjSΩjSS →֒ Q,
and therefore ΣjSΩjSS is torsionfree.
The remainder of the proof is as in Theorem 1.13: the unit map η1 is a stable
equivalence
ΣjSΩjSS
≃
−→ ΩΣ(ΣjSΩjSS)
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to which we apply ΩjS (−) and combine with the unit map ηjS
ΩjSS
≃
−→ ΩjSΣjSΩjSS
≃
−→ ΩjS+1ΣjS+1ΩjSS.
The first map ηjS is a stable equivalence by Lemma 2.10 and the composition equals
ηjS+1, which is then a stable equivalence. This is what we had to show. 
We can apply this immediately to computing delooping levels. Recall that by
Proposition 1.3, we have inequalities
depthΛ ≤ findimΛop ≤ dell Λ
which improve in the Artinian case to
depthΛ ≤ findimΛop ≤ FindimΛop ≤ dell Λ.
As main result of this paper, we have:
Theorem 2.12. Let Λ be a Noetherian semiperfect ring. Assume that the first
non-trivial grade condition holds for each simple S ∈ modΛ. Then
depth Λ = findim Λop = dell Λ.
If Λ is furthermore Artinian, then the stronger equality holds:
depth Λ = findim Λop = Findim Λop = dell Λ.
Proof. If depthΛ =∞ the result is immediate, and so we assume that depthΛ <∞.
In this case jS = gradeS <∞ for each simple S, and Proposition 2.11 shows that
dell S ≤ grade S. Taking supremum over simple modules gives dell Λ ≤ depth Λ,
and the result follows. 
As a consequence of the equality findim Λop = Findim Λop, we obtain a positive
case of the first finitistic dimension conjecture for Artin algebras.
Corollary 2.13. Let Λ be an Artinian ring. Assume that the first non-trivial grade
condition holds for each simple S ∈ mod Λ. Then the first finitistic dimension
conjecture holds for Λop.
Example 2.14 (Rings of depth zero). Let Λ be Noetherian semiperfect, and assume
that depth Λ = 0. The first non-trivial grade conditions for simples are then
vacuous, and Theorem 2.12 gives
depthΛ = findimΛop = dell Λ = 0
and additionally Findim Λop = 0 in the Artinian case. Hence we recover Bass’s
Theorem (Prop. 1.16) as a limiting case.
Example 2.15. Let R be a commutative Noetherian semiperfect ring. We saw in
Example 2.5 that simple modules always satisfy the first non-trivial grade condi-
tions, and so Theorem 2.12 holds for R.
Example 2.16. Let Λ be a Noetherian semiperfect ring. Assume that the terms
of the minimal injective resolution of Λop
0→ ΛopΛop → I
0 → I1 → · · · → Ii−1 → Ii → Ii+1 → · · ·
satisfy flatdim Ii ≤ i + 1 for all i ≥ 0. Then by Auslander–Reiten’s Theorem
(Example 2.3) the n-th grade conditions hold for all M ∈ modΛ and all n ≥ 1, and
therefore Theorem 2.12 holds for Λ.
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Auslander has studied the stronger condition that flatdim Ii ≤ i for all i ≥ 0 in
the situation of Example 2.16, and has shown that this condition is closed under
taking opposite ring. Rings satisfying this condition are called Auslander rings. If
Λ is additionally Gorenstein, we call such a ring Auslander–Gorenstein. Putting
together Theorem 2.12 with the results already mentioned for Gorenstein rings
(Example 1.18), we obtain:
Example 2.17. Let Λ be Auslander-Gorenstein. Then Λ satisfies Theorem 2.12,
and we have equalities
depth Λ = findimΛop = FindimΛop = dell Λ = injdimΛΛ.
When Λ is merely a Gorenstein ring, we always have (in)equalities
depth Λ ≤ findimΛop = FindimΛop = dell Λ = injdimΛΛ.
Iwanaga [Iwa80] has given an example of a Gorenstein Artin algebra which is not
Auslander-Gorenstein. Over general Gorenstein rings it isn’t clear when the last
equality in fact holds.
Question 2.18. Let Λ be a Noetherian semiperfect Gorenstein ring. When does
depth Λ = injdim ΛΛ?
2.2. Higher Auslander–Bridger sequences. In this section, for anyM ∈ modΛ
of grade n we further investigate the relationship between the first non-trivial grade
condition
ExtjΛop(Ext
n
Λ(M,Λ),Λ) = 0 for j < n
and the torsionfreeness properties of ΣnΩnM .
When n = 0 this amounts to studying M itself. Recall that Auslander–Bridger
[AB69] have constructed a natural short exact sequence of the form
0→ Ext1Λop(TrM,Λ)→M
σ
−→M∗∗ → Ext2Λop(TrM,Λ)→ 0.
This sequence shows that M is torsionfree if and only if Ext1Λop(TrM,Λ) = 0, and
that M is reflexive if and only if ExtiΛop(TrM,Λ) = 0 for i = 1, 2.
When n ≥ 1 the above sequence becomes somewhat degenerate, as M∗ = 0 implies
that σ = 0 andM has no chance of being torsionfree nor reflexive. In this situation,
what we observe here is that there are “higher” analogs of the Auslander–Bridger
sequence which give the relevant information for ΣnΩnM . This result was also
obtained prior by Hoshino–Nishida in [HN02] using similar methods.
Proposition 2.19. Let M ∈ modΛ and assume that gradeM = n. Then there is
an exact sequence of the form
0→ Extn−1(Extn(M,Λ),Λ)
→ Ext1(TrΣnΩnM,Λ)→M
σn−−→ Extn(Extn(M,Λ),Λ)→ Ext2(TrΣnΩnM,Λ)→ 0.
The following then hold:
i) ΣnΩnM is torsionfree if and only if Extn−1(Extn(M,Λ),Λ) = 0 and the mor-
phism σn is injective.
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ii) ΣnΩnM is reflexive if and only if Extn−1(Extn(M,Λ),Λ) = 0 and the mor-
phism σn is bijective.
Proof. When n = 0 this is simply the Auslander–Bridger sequence. Now assume
n ≥ 1; we first use an auxiliary sequence. Note that for any X ∈ mod Λop the
Auslander–Bridger sequence of X is spliced from two short exact sequences, the
first of which is
0→ Ext1(TrX,Λ)→ X → ΩΣX → 0.
Here we use the representative ΩΣX = X/tX = im(σ : X → X∗∗). Now, the map
X∗∗∗
σ∗
−→ X∗ is split-surjective, and so we see that the dual map (ΩΣX)∗ → X∗ is
also surjective and therefore an isomorphism.
Now, if we let X = TrΩn−1M and use the identities ΣTr ≃ TrΩ and ΩTr ≃
TrΣ, applying HomΛop(−,Λ) to the above short exact sequence gives a long exact
sequence
0 // (ΩΣTrΩn−1M)∗
∼= // (TrΩn−1M)∗
0 // Extn(M,Λ)∗
// Ext1(TrΣΩnM,Λ) // Ext1(TrΩn−1M,Λ) // Ext1(Extn(M,Λ),Λ)
// Ext2(TrΣΩnM,Λ) // Ext2(TrΩn−1M,Λ) // · · ·
· · · // Extn−1(TrΩn−1M,Λ) // Extn−1(Extn(M,Λ),Λ)
// Ext1(TrΣnΩnM,Λ) // Ext1(TrΣn−1Ωn−1M,Λ) // Extn(Extn(M,Λ),Λ)
// Ext2(TrΣnΩnM,Λ) // Ext2(TrΣn−1Ωn−1M,Λ) // · · ·
As gradeM = n, the module TrM is (n − 1)-torsionfree and Proposition 1.9 vi)
gives stable equivalences
Σn−1Ωn−1M
≃
−→ · · ·
≃
−→ ΣΩM
≃
−→M.
Moreover as n ≥ 1, the Auslander–Bridger sequence gives Ext1(TrM,Λ)
∼=
−→M and
Ext2(TrM,Λ) = 0, from which we derive the identities
Ext1(TrΣn−1Ωn−1M,Λ) ∼=M
Ext2(TrΣn−1Ωn−1M,Λ) = 0.
We then let the morphism σn be the composite
σn :M
∼=
−→ Ext1(TrΣn−1Ωn−1M,Λ)→ Extn(Extn(M,Λ),Λ).
Finally, when n = 1, substituting these identities in the long exact sequence gives
us an exact sequence of the stated form. For n ≥ 2 we require the additional
vanishing Extn−1(TrΩn−1M,Λ) = 0. Now, gradeM = n gives us that Tr ΩM is
(n− 2)-torsionfree, and so we have a stable equivalence
Σn−2Ωn−1M
≃
−→ ΩM.
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It follows that
Extn−1(TrΩn−1M,Λ) = Ext1(TrΣn−2Ωn−1M,Λ)
= Ext1(TrΩM,Λ)
= 0
with the last vanishing since the module ΩM is always torsionfree. This finishes the
construction of the exact sequence, and the last statements follow immediately. 
We record some immediate consequences.
Corollary 2.20. Let M ∈ mod Λ with gradeM = n. Assume that the condition
Extn−1(Extn(M,Λ),Λ) = 0 holds, and let σn : M → Ext
n(Extn(M,Λ),Λ) be the
morphism of Proposition 2.19.
i) If σn is injective, then Ω
nM → Ωn+1Σn+1ΩnM splits in modΛ.
ii) If σn is bijective, then Ω
nM → Ωn+2Σn+2ΩnM splits in modΛ.
Proof. Use Proposition 2.19 and recall that when ΣnΩnM is torsionfree then
ΣnΩnM
≃
−→ ΩΣ(ΣnΩnM)
is a stable equivalence, and when it is reflexive then
ΣnΩnM
≃
−→ Ω2Σ2(ΣnΩnM)
is a stable equivalence. In each case, applying Ωn(−) as before gives a splitting
ΩnM
ηn
−→ ΩnΣnΩnM
≃
−→ Ωn+iΣn+iΩnM
for i = 1 or 2 as appropriate. 
Proposition 2.19 suggests an alternative proof of the key part of Proposition 2.11,
namely the statement that ΣjSΩjSS is torsionfree whenever S is a simple module
of finite grade jS satisfying the jS-th grade condition. If the hypothesis
ExtjS−1(ExtjS (S,Λ),Λ) = 0
is assumed to hold, Proposition 2.19 states that ΣjSΩjSS is torsionfree if and only
if the morphism
σjS : S → Ext
jS (ExtjS (S,Λ),Λ)
is injective. As S is simple, this is equivalent to σjS 6= 0. If we impose the further
conditions
Extj(ExtjS (S,Λ),Λ) = 0 for j ≤ jS − 2
so that grade ExtjS (S,Λ) ≥ jS , then Proposition 2.11 already shows that Σ
jSΩjSS
is torsionfree and so σjS 6= 0 in this case. What follows is a more direct explanation
relating the “higher double dual” morphism σjS to the grade conditions.
Observe that the condition grade ExtjS (S,Λ) ≥ jS implies the existence
2 of the
map σjS also for the module M = Ext
jS (S,Λ), of the form
σjS : Ext
jS (S,Λ)→ ExtjS (ExtjS (ExtjS (S,Λ),Λ),Λ).
2We have only formally defined σn for modules of grade n, but the same construction works
implicitly knowing only that grade ≥ n.
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We may then compose the two maps as
ExtjS (S,Λ)
σjS−−→ ExtjS (ExtjS (ExtjS (S,Λ),Λ),Λ)
ExtjS (σjS , Λ)−−−−−−−−−→ ExtjS (S,Λ).
When jS = 0, this is simply the classical section-retract
S∗
σ
−→ S∗∗∗
σ∗
−→ S∗
and the identity σ∗ ◦ σ = idS∗ is well-known. The following conjecture is the
analogous statement for modules of positive grade.
Conjecture 2.21. Let M be a module of grade n such that gradeExtn(M,Λ) ≥ n.
Then the maps
Extn(M,Λ)
σn−−→ Extn(Extn(Extn(M,Λ),Λ),Λ)
Extn(σn, Λ)
−−−−−−−−→ Extn(M,Λ).
satisfy Extn(σn,Λ) ◦ σn = idExtn(M,Λ).
An immediate corollary is the non-vanishing of σn : M → Ext
n(Extn(M,Λ),Λ),
which is what we required in the case that M = S.
A proof of the above conjecture would give an alternative proof of the key part of
Proposition 2.11, and therefore of the main theorem of this paper (Theorem 2.12),
which bypasses the use of the Spherical Filtration Theorem.
3. The delooping level of a local Noetherian ring
We finally arrive at the first result stated in the introduction.
Theorem 3.1. Let R = (R,m, k) be a commutative local Noetherian ring. Then
we have equalities depthR = findimR = dellR. More precisely, when R has depth
d, the unit map of (Σd+1,Ωd+1) gives rise to a stable equivalence
Ωdk
≃
−→ Ωd+1Σd+1Ωdk
and d = depthR is the lowest index for which this holds.
Proof. Simple modules over commutative Noetherian rings satisfy the first non-
trivial grade conditions (Example 2.5). The equality depthR = findimR = dellR
then follows from Theorem 2.12, and the second statement is Proposition 2.11. 
Next, we say that a Noetherian ring Λ = (Λ,m, D) is local (or scalar local) if
Λ/m = D is a division ring for m := radΛ. Note that Λ is automatically semiperfect.
Theorem 3.1 generalises to:
Theorem 3.2. Let Λ = (Λ,m, D) be a local Noetherian ring, with the property that
ExtiΛ(D,Λ) and Ext
i
Λop(D,Λ) have finite length for each i ≥ 0. We have equalities
depth Λop = depth Λ = findimΛop = findimΛ = dell Λop = dell Λ.
Moreover when Λ has finite depth d, the unit map gives rise to a stable equivalence
ΩdD
≃
−→ Ωd+1Σd+1ΩdD
and d = depth Λ is the lowest index for which this holds.
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Proof. Without loss of generality we may assume that depth Λ ≤ depth Λop, and
that depth Λ < ∞. Letting d := depth Λ, the finite length hypothesis on Ext
coupled with Λ being local imply the d-th grade condition for D, and we obtain
equalities depth Λ = findim Λop = dell Λ from Theorem 2.12. We next show that
depthΛ = depthΛop, and we will obtain the remaining equalities by symmetry.
It suffices to show depthΛop ≤ depthΛ = d. Since the d-th grade condition holds for
D, Proposition 2.11 shows ΣdΩdD is torsionfree and so Ext1Λop(TrΣ
dΩdD,Λ) = 0.
Applying the higher Auslander–Bridger sequence (Proposition 2.19) gives an exact
sequence of the form
· · · → Ext1Λ(TrΣ
dΩdD,Λ)→ D
σd−→ ExtdΛop(Ext
d
Λ(D,Λ),Λ)→ · · ·
from which we see that σd is injective, and so D →֒ Ext
d
Λop(Ext
d
Λ(D,Λ),Λ). In
particular, ExtdΛop(Ext
d
Λ(D,Λ),Λ) 6= 0, and since Ext
d
Λ(D,Λ) has finite length this
forces ExtdΛop(D,Λ) 6= 0. We obtain depth Λ
op ≤ d = depth Λ, which is what we
needed. Therefore depth Λ = depth Λop. The equalities depth Λop = findim Λ =
dell Λop then hold by symmetry, and the last statement is Proposition 2.11. 
Remark 3.3. Wu–Zhang have extended the Auslander–Buchsbaum Formula to the
setting of Theorem 3.2. In particular the four first equalities
depthΛop = depthΛ = findimΛop = findimΛ
follow immediately from [WZ00, Theorem 1.1]. The above theorem then provides
an independent proof and extends the result to the delooping level.
The symmetry of invariants depth Λ = depth Λop, findim Λ = findim Λop and
dellΛ = dellΛop for local Noetherian rings is intriguing, and it would be interesting
to extend it to the big finitistic dimension. We record this as another question.
Question 3.4. Let Λ = (Λ,m, D) be as in Theorem 3.2. Do we also have equalities
FindimΛop = FindimΛ?
4. A Cohen-Macaulay inequality
We end this paper on a curiosity.
Theorem 4.1. Let Λ be a Noetherian semiperfect ring, and consider the inequality
FindimΛop ≤ dell Λ.
i) The inequality characterises Cohen-Macaulay rings amongst commutative local
Noetherian rings, in which case we have equality.
ii) The inequality holds for all Gorenstein rings, in which case we have equality.
iii) The inequality holds for all Artinian rings.
Proof. i). Let R be commutative local Noetherian. We have dellR = depthR and
FindimRop = FindimR = dimR, and so
FindimRop ≤ dellR ⇐⇒ dimR ≤ depthR
⇐⇒ dimR = depthR
⇐⇒ R is Cohen-Macaulay.
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ii). Let Λ be Gorenstein. We have Findim Λop = dell Λ = injdim ΛΛ by Example
1.18 and so equality holds.
iii). This is part of Proposition 1.3. 
This result is one of few situations where both noncommutative Gorenstein rings
and noncommutative Artinian rings fall in line with their commutative counter-
part. However, Theorem 4.1 also highlights a discrepancy in the Artinian case, and
suggests the natural question:
Question 4.2. Let Λ be Artinian. Do we have Findim Λop = dell Λ?
A positive answer would suggest that the delooping level of a ring serves as the
natural replacement for the depth in the noncommutative setting.
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